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Grid-Averaged Lagrangian Equations of Dispersed
Phase in Dilute Two-Phase Flow

Keh-Chin Chang,* Jinn-Cherng Yang,” and Muh-Rong Wang*
National Cheng-Kung University, Tainan 701, Taiwan, Republic of China

A set of grid-averaged Lagrangian transport equations of the dispersed-phase turbulence Kinetic energy

’
2

:) and the turbulence modulation quantity (ulfuz) is derived and demonstrated through a well-defined

test problem of droplet-loading mixing layer. It is shown that accurate predictions of the turbulence kinetic energy
of the droplets can be achieved by solving from this set of grid-averaged Lagrangian equations with significantly
less computational droplets than those of a purely stochastic model. The information of the turbulence modulation
quantity, which is solved from the grid-averaged Lagrangian transport equation of (ulfug), can also be used to
evaluate accurately the source term accounting for the two-phase interaction in the turbulence kinetic energy k
transport equation of the carrier fluid, which is important for determining the turbulence characteristics of the

carrier fluid.

Nomenclature
Cp = drag coefficient
Cy = turbulence model constant; see Eq. (10)
d, = dropletdiameter
g = gravity
K = history-forcekernel
k = turbulencekinetic energy
N = number flow rate
P, QO = values of probability density function
Re, = particle Reynolds number
Sy, 8, = instantaneousand mean time source terms due to
turbulence—particle interactions, respectively
T = time
U,u = instantaneousand mean velocities, respectively
(wju’,,) = turbulence modulation quantity
X,y = streamwise and transverse coordinates, respectively
o = ratio of velocity slips in two neighboring grid cells
At = time increment
e = turbulence energy dissipationrate
" = viscosity
05 Pr = density and density ratio of dispersed phase
to carrier phase, respectively
7., Tp = Lagrangianintegral time and dynamic relaxation
time of particle, respectively
P, ¢ = instantaneousand mean quantities of a dependent
variable, respectively
¢(Re,) = factoraccountingfor deviation from
the Stokesian drag
Q,,w, = instantanceousand mean volumetric ratios occupied

by the dispersed phase, respectively
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Subscripts

i = ith component

in = inlet

k = turbulencekinetic energy

old = value at the preceding time step
p = dispersed phase

s = Stokesian drag

e = turbulence energy dissipationrate
Superscripts

k = kth discrete size

/ fluctuation

value evaluated with mean quantities

I. Introduction

WO-PHASE flows can be classified as being dilute or dense.

Here the classification defined by Crowe et al.! will be used
as follows. A dilute flow is a flow in which the particle (or droplet,
per se) motion is controlled by the surface and body forces on the
particle. In a dense flow, the particle motion is controlled primarily
by particle—particlecollisionsor interactions. In this study, attention
is mainly addressed to dilute flows in which the particles are suf-
ficiently dispersed so that particle—particle interactions are deemed
negligible.

Two-phase flow models have developedalong two parallel paths,
thatis, Eulerian (or two-fluid) and Eulerian-Lagrangianapproaches,
depending on the manner in which the dispersed phase is treated.!
For the dilute two-phase flows, a prerequisite basis of “continuum”
on the Eulerian formulation of the dispersed phase is always a strin-
gent challenge for the two-fluid models. In contrast, the dispersed-
phase field is represented by particle trajectories obtained from in-
tegrating the particles motion equation in the Lagrangian models,
which is a popular approach for the current simulation of the dilute
two-phase flows in engineering practices. Theoretically, every par-
ticle in the flowfield has to be tracked in the Lagrangian models. A
typical industrial spray, for example, requires tracking 10'° droplets
with sizes of O(10") um per cubic meter of mixture, which is ob-
viously well beyond current computer capability. Thus, Lagrangian
models identify a parcel of particles as a single computational parti-
cle with the same properties as the physical particles. More discus-
sion on the differences between these two formulation approaches
for the dispersed phase may be found in Refs. 1-4.

Interactions between turbulence and particles are twofold. One is
the turbulent dispersion of the particles, that is, the effects of turbu-
lence on particles. The other is the modulation of the carrier-phase
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turbulence, that is, the effects of the presence of particles on the
turbulence structure. An ideal model for two-phase turbulent flows
would provide the complete (mean and fluctuating) properties of
both the carrier and dispersed phasesin the field. Particles dispersion
in turbulenceis commonly simulated using the stochasticmethod in
which the carrier-phase turbulent field is represented by a random
number generator?*> As mentioned in previous studies,®’ there
are two fatal defects in most existing stochastic Lagrangian mod-
els. One is the quasi-steady assumptions on the interfacial transport
processes, such as the drag and heat transfer coefficients of the par-
ticle, due to the interaction between the Eulerian and Lagrangian
frameworks coupled with the stochastic calculation procedure. The
other is neglect of the inlet effects of the dispersed-phase fluctuat-
ing information, which was usually made in most existing studies.
These two defects are further elaborated as follows.

The stochastic Lagrangian models adopt the stochasticoperation,
whichdeals with the Lagrangianequationof “instantaneous”’motion
for the ith component of velocity described as

dU;jL U; — U;;L i
— + f
dr r,’j &

where T I’j is the particle’s dynamicrelaxationtime, which denotesthe
characteristictime of the particle with the kth discrete size reaching
its dynamic equilibrium with the carrier fluid and is defined by

4d11§ Pp

T, = )
"o3Ckp

The instantaneousvelocity of the carrier fluid is determined from the
sum of its mean u; and fluctuatingu; components, whichis givenby

U =u; +u (3)

Note that the dispersed phase is usually split with a number of size
groups in the modeling formulation to represent its spectral effect
of the polydispersedsize characteristic.

In contrast, the Eulerian framework is used to formulate the
carrier-phase transport equations. To obtain the solutions of the
Eulerian transport equations, the finite volume method, for exam-
ple, is commonly used in numerical analysis. The basic idea of the
discretizationprocess is that the calculationdomain is divided into a
number of nonoverlapping control volumes (cells), each surround-
ing a grid node. Uniformly distributed flow properties are usually
assumed inside the cell of a grid node. The u; shown in Eq. (3) is
obtained from the solution of its corresponding Reynolds averaged,
Eulerian transport equation. Thus, as a particle passes through a
grid cell to its neighboring one, it may encounter a remarkable step
change in the instantaneous carrier-phase velocity at the interface
of these two grid cells, which is caused by the discretization pro-
cess and, mostly, by the different fluctuating carrier-phase velocities
determinedin the stochastic calculation procedure at the two neigh-
boring grid cells. It was reported in previous work® that an unsteady
drag coefficient has to be used in the modeling formulation to ob-
tain correct,completeinformationof the dispersed-phaseturbulence
characteristicsincluding the mean and fluctuating quantities.

Equation (1) can be solved by computing the integrating form of
this nonlinear ordinary differential equation to an acceptable toler-
ance in a given time step, that is,

= (U}) g exp(-a/7})

+g[r;j[l —exp(—At/r;j)] )

where (U* i )owa 18 the value of the instantaneousvelocity of the parti-
cle atthe beginningof the time increment Az. Let us focus on the first
time step as a particleleavesits inlet position. (U )olg NOW becomes
the inlet value of the particle, (U in. However, almost none of the
past studies using the stochastlc Lagrangian method consider the
inlet condition of u/, in their calculations. Instead, only the mean

quantity of particle velocity, determined either from the measured

Ut =u, - [u;

pi

data or the assumed inlet profile, was used in the calculations. Thus,

Eq. (4) becomes
= (u},), Jexp(=a1/1})

Ut =U, - [U,
+g[r;j[l —exp(—At/r;j)] %)

pi
at the first integrating time step. Previous work’ showed that the
neglect of the inlet «,; information in the calculations led to sig-
nificant errors in the predictions of the dispersed-phase turbulence
characteristics, particularly when the turbulence intensities of the
particles are larger than those of the carrier fluid at the inlet.

A numerical solution procedure accounting for the inlet u),; in-
formation in the stochastic Lagrangian method was developed in
previous work’ and is briefly described as follows. Without ac-
counting for the inlet u;“. information, the mean value of the particle
velocity in a specified grid cell is determined by

k
ko_ Z:;\;I: 1 nm Pl m (Ul’l )m (6)

Mk
Zm =1 I’l P‘ m

where P; is the corresponding value of the probability density func-
tion (PDF) for a given ] in Eq. (3), which is sampled randomly in
the stochastic calculation procedure, and M* is the total number of
the kth computational particles passing through the specified grid
cell. The idea embedded in Eq. (6) is as follows. Because each U[”
is solved from Eqs. (1) and (3) with arandomly sampled u}, it is nec-
essary to take into accountthe corresponding P; of u! as a weighting
factor in the ensemble averaging of U¥,. More information on the
numerical solution procedure regarding Eq. (6) may be found in
the paper of Chang and Wu.® With the inlet u;[ information taken
into account in the calculation, the (U in 18 constructed by the
mean quantity (u[” )in and a randomly sampled (u[” )in- This compu-
tational particle, which is numbered as the /th particle issued from
the inlet, is always associated with its correspondlng PDF value to
the (u )m information, for example, QL ,» along its trajectory. With
this new information of each computational particle, Eq. (6) has to
be reformulated as

k
k Zl—l Zm—l ( lm il ) ”’1(Upz)m

uk = )
pi Lk Mk k k
=1 Zm:l (”l.m Q[.l) Pim

Here L* is the total number of the kth computational particles that
are issued at the inlet.

Taking into consideration the unsteady drag coefficient and the
inlet u’,‘,’[ conditionin the calculation,a correct, complete solution of
the dispersed-phase turbulence characteristics including the turbu-
lent dispersion of particles can be then achieved. However, the price
to be paid is that a great number of O(10*) of the computational
particles for each discrete size is requiredin the calculationto obtain
the statistically significant solution.” This is cost ineffective for the
two-phase turbulent flow simulation in engineering practices.

Itis well-known that presence of particlesin the flowfield leads to
modulation (either suppression or enhancement) of the turbulence
of the carrier fluid. Thus, the effect of the particles on the turbu-
lence of the carrier phase is importantin the development of turbu-
lence models for two-phase flows. Elghobashi’ proposed a map of
regimes of interactions between particles and fluid turbulence. For
low values of dispersed-phase volume fraction (w, < 107°), parti-
cles have negligible effects on turbulence. In the second regime,
107% <w, < 1073, the existence of particles can augment the turbu-
lence if the ratio of particle response time to the turnover time of a
largeeddy is greaterthan unity, or attenuatethe turbulenceif the ratio
is less than unity. This interactionis called two-way coupling. Flows
in the two regimes discussed are often referred to as dilute cases. In
the third regime, @, > 1073, flows are referred to as dense cases in
which particle-particle interactions become important. Elghobashi
identifies this effect as four-way coupling. However, current inves-
tigation in a two-phase wall jet by Sato et al.'” revealed that stream-
wise turbulenceintensity was strongly suppressedby the additionof

pi
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particles in the free shear-layerregion, whereas transverse intensity
was strongly suppressed in the fully developed region of both the
free and wall shear regions. Such local behaviors of the turbulence
modification cannot be described simply by the map proposed by
Elghobashi.’

On the theoreticalside, Yuan and Michaelides'! proposeda simple
mechanistic model based on wake shedding for turbulence gener-
ation. Clearly, this model does not account for the case of turbu-
lence attenuation such as that observed in the experiment of Sato
et al.!® Yarin and Hetsroni'? proposed a simplified theory based
on the modified mixing-length theory and turbulent kinetic energy
balance. However, their model only accounts for the production of
turbulence due to velocity gradients in the carrier fluid and turbu-
lent wakes behind the particles. Kenning and Crowe!? proposed a
simple physical model on modulation of carrier-phase turbulence
by taking into account turbulence generation and dissipation due to
the addition of particles. Overall, the cited theoretical studies were
made using phenomenological modeling rather than the rigorous
formulation. Two-equation k-¢ turbulence models have been used
over the past two decades as the basis of considerable research on
turbulent flow calculation. A complete derivation of the transport
equations for the turbulencekinetic energy k and its dissipationrate
¢ of the carrier phase in two-phase flows can be found in the work
of Sato and Hishida.'* Their usual forms when applied to the di-
lute two-phase flows are summarized in the current review paper
of Gouesbet and Berlemont® and for brevity are not repeated here.
Closure of the k equation requires specification of the source term
$ pk» Which accounts for the turbulence-particle interaction as

3
s = D (U8 ) = s ] ®

i=1
where S,,, is the momentum source term due to the turbulence-
particle interaction. (See the Appendix for its definition.) Equa-
tion (8) can be calculated directly along the particle trajectory in the
stochasticsolution process withoutintroducingadditional modeling
for (U; S,.,;) (Refs. 15 and 16). In contrastto s, the source term s,
accounting for the turbulence-particle interaction, which is defined

by
3 3 / as/
Spe =2v22<%ﬁ> ©
i=1i=1 J J
in the closure of the € equation, must be modeled. Various models
for s, may be found in the existing literature."’~'® The usual way
in modeling s, is parameterized analogously to that of the source
term accounting for the single (carrier) phase,'>!6 that is,

sps = Cs3(£/k)spk (10)

in which k/e is a characteristic turbulence timescale. Note that
Eq. (10) is an ad hoc parameterization of the effect of particles
on ¢. There is a wide range of values for C,; currently used in the
k-& models of two-phase flows. The optimal value of 1.6 calibrated
by Sato et al.!” with their laboratory experiments is adopted in the
study. More intensive review on the turbulence modulation topic
may be found in Ref. 1.

Clearly, accurate determinationof s, in Eq. (8) depends on a cor-
rect simulation of the stochastic Lagrangian model for the particles.
This implies that both the correct mean and fluctuating quantities
of the dispersed-phase flow properties are required even in the cal-
culation of the carrier-phase transport equations. As mentioned be-
fore, the consideration of the unsteady drag coefficient and the inlet
u’,‘,’[ condition in the theoretical analysis is necessary. Nevertheless,
this results in a situation that the calculations incorporated with the
stochastic Lagrangian models become cost ineffective.

It was found” that the need of such many computational particles
in the stochastic calculation process is mainly due to an attainment
of the statistically stationary solution of turbulence kinetic energy
of the dispersed phase k,,, which is defined by"’

3

1 ’ ’
k[’ = 52(”1”.””[) (11)

i=1

Different names for the quantity defined in Eq. (11) such as fluc-
tuation energy,2’ turbulent fluctuating energy,>! and summation of
three normal kinetic stresses”* of the dispersed phase, or even gran-
ular temperature for dense two-phase flow! have been used in the
existing literature. We prefer to call it the “turbulence kinetic en-
ergy of the dispersed phase” as used in the paper of Abou-Arab and
Roco'? because the definition of k, is analogous to k for the carrier
phase. Two Lagrangian transport equations of (i, u/,,) and (u;u’,;)
(the turbulence modulation quantity which is elaborated in detail
in the Appendix) on the grid-averaged basis are developed in the
work. A new solution procedure that mixes the stochastic Eulerian-
Lagrangian method with these two grid-averaged Lagrangian trans-
portequationsis proposed mainly for computational efficiency. The
new solution procedureis demonstrated througha well-defined two-
phase flow problem, that of a turbulent mixing-layer flow loaded

with polydispersed droplets.

II. Test Problem and Model Formulation

Test Problem

The well-defined experimentof a droplet-loading,planar, mixing-
layer flow in a vertical tunnel, =2 which provides relatively com-
plete measured data available for the model verification, is selected
as the test problem. Details of the test problem and experimental
methods may be foundin Refs. 24 and 25. Thus, only a brief descrip-
tion of the test problem is given here. The tunnel was divided into
two separate flow paths by an upstream central splitting plate. The
mean velocities of the high- and low-speed (air) streams were 10.2
and 2.36 m/s, respectively. A Sono-Tek ultrasonic nozzle, located
800 mm upstream of the test section in the high-speed stream, gen-
erated polydispersed (2-90-um) water droplets. The trailing edge
of the splitting plate was extended 150 mm into the test section. The
configuration of the test problem in which the droplets were issued
at the far upstream (0.95-m) position resulted in k > k,, at the inlet
station (x = 5 mm) as shown in Fig. 1. A rectangularcoordinate was
selected such that the streamwise x coordinate is downward with
the origin at the central separation point of the splitting plate and
the transverse y coordinateis positive toward the high-speed-stream
side.

Measurements of the mean and fluctuating flow properties of the
streamwise and transverse components for both phases were made
using a two-component phase Doppler particle analyzer (PDPA).
Eight sets of data, except for (u;u’,;), labeled with the mean droplet
sizes of 10, 20, 30, 40, 50, 60, 70, and 80 um were recorded
in the experiment. Only the data of (u;u’,) for the droplets with
d, =10,20,and 30 um were made in the work of Wang and Huang?’

35 —0O——gas
f X =5mm ——A——20um
30 | — v 40um
—p»—— 60 um

25 E— ———80um

y [mm]

0 0.4 0.8 1.2 1.6
turbulent kinetic energy [nm'/s’ ]

Fig. 1 Measured turbulence kinetic energy?? of the carrier gas and the
droplets with four discrete sizes at the inlet station.
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because the number densities for the larger droplets, d,, > 40 um
(Fig. 2 in Ref. 25), were relatively small and the raw data collected
were not sufficient to make statistical quantities of (u;u’;) due to
the limitation of the memory capacity of the PDPA. Complete mea-
surements at the streamwise station of x =5 mm were made for the
inlet conditions required for the calculations.

Physical Modeling

The boundary-layerapproximation, which neglects the diffusion
terms along the streamwise direction, is made for the carrier phase
in this test problem. The flowfield of the test problem, which is
of the simple flow type, is determined using the k—¢ turbulence
model. The applicability of the k—& model in the simulation of this
test problem has been demonstrated by Chang et al.>* Although the
volumetricfractionsoccupiedby the droplets, w,, are less than 1073,
the effects of turbulence modulation are taken into account in the
model formulation through Eqgs. (A12) and (10). For details of the
carrier-phase modeling, see Ref. 24.

The dispersed phase is treated by tracking individual droplets
as they move through the turbulence field of the carrier phase. To
account for the effect of the size spectrum, the dispersed phase is
represented by eight discrete droplet sizes that conform to the data
sets recorded in the experiment. For the case of a stationary droplet
where there is a steady fluid flow before # =0 with an impulse at
t =0 (i.e., the time when the droplet passes across the interface of a
pair of neighboring grid cells), an expression for the unsteady drag
coefficient, suggested by Chang and Yang,® is given by

Ch/(Cp)t = (1 —ofy) K5 (1) + ¢* (Re"), t>0 (12)
with

Re* —,0|U Ut|dt [ (13)

a, = (14)

where p and p are the density and viscosity of the carrier fluid,
respectively,and o, is the ratio of the slip velocitiesat the interface

0 9 o
2 (puje)=—2 R Y TaNe
) (pu ;) 5 [:( o, )6 }r( e1Gr —

Ox; G, 0

(Z<uu >

\ll

} 2k — Z<uu

p
Tp

3
ks ok
ik Z<ui“pi> 2k
B
dt k
o

€
gng); + Spe

in between the upstream and downstream grid cells. The Stokesian
drag coefficient is given by

(Cp)t =24/Re" (15)

The history-force kernel K () employed in the study of Chang and
Yang® was the empirical one developed by Mei and Adrian® for a
stationary droplet subjected to an oscillating fluid:

1 . =2
4 3 Tk
Kk(t) = Lﬂzt + (n_'0k> t |U—U1’ (16)
p(dk) nd, fu(Reb)

with

Rl

fu(Re") =0.75+ 0.105Re" (17)

However, a more accurate representation of the dispersed-phase
motion in the turbulent two-phase flow is freely moving, rather than
stationary, droplets traveled in a fluctuating fluid. A history inte-
gral accounting for the acceleration/deceleration effects of a mov-
ing droplet in the grid cell, therefore, has to be considered in the
physical modeling. Kim et al.*’ modified the history-force kernel
by combining the history integral term in it, which makes its form
much more complicated than that of Eq. (16). The study of Kim
et al.”’ revealed that their history-force kernel can yield more ac-
curate prediction of the unsteady Cp than the kernel expressed in
Eq. (16) for the dispersed-phaseto carrier-phasedensity ratio p, be-
ing small, whereas the performances of both the kernels, proposed
by Kim et al.”” and by Mei and Adrian 2 differ slightly when p, is
as large as 200 (Fig. 5 in Ref. 27). Our preliminary study with the
present test problem of p, =900 and Rej‘, < O(10) did corroborate
the result reported by Kim et al.?” for the case of very large p,, that
is, there was a very minor difference between the two unsteady Cp
obtained separately with the use of the history-force kernels devel-
oped by Mie and Adrian?® and by Kim et al.?” Therefore, in view
of the simpler kernel form and less computational effort required of
Mie and Adrian®® as compared to that of Kim et al.,?” Eq. (16) is
used in this work.

(X

AN

0 0 17/
—_(pujk)=§[(u+i ‘—'}'Gk PE + S
J

Fig. 2 Relationships among the transport equations of k, €, (u/ u*, ), and kk (See Appendix H of Ref. 5 for definitions of Gy, 1, oy, and o:.)

i pi
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a)d, =10 um
Xx=5mm X =20 mm X =40 mm x =100 mm
151 151 151 151
10@ 10 10F 10
E 5H, 5F 5F 5f
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— Of T o a of of
- L |
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-10F -10F -10f -10F
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x=5mm x =20 mm x =40 mm x =80 mm x =100 mm
151 151 151 151 151
10—&, 10 10F 10 10
5B 5f 5f 5f 51
| - o |
E O @ o % of ok o ok
S L L [u} L L [n] o L
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S T R R R S T A | S TS S NS RN | 3 P R | 3 IR T S R SRR | S IR S B R A |
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;s 2,2
¢)d, =30 um <uu> [m’/s]

Fig. 3 Evolution of the two predicted (with unsteady and quasn-steady drag coefficients and with the transport equation of (u] uk ;) and measured
(v'v ) (412 %) of droplets of various sizes: [J, measurements?3 , unsteady drag; and ———, steady drag.

The factor ¢* in Eq. (12) accounts for the deviation from the 2 4 Rekt,
Stokosian drag coefficient at steady state when the condition of +2 oy ( v ) exp(l - #>
Re < 1isnot met. One of the best correlationsfor ¢* compiled by ™ Reyty Reyty 8
Cllft etal.®® is used:
k( p ok 9 1
¢ (Rep) + K)(Re ) ﬂm(zRe‘f}>, 1‘11\(4 >0 (19)
=1+ (3/16)Re" 0< Rej‘, <0.01
U ke with the dimensionless time of
= 1+ 0.1315(Rek) 2O ED 6 01 < Ret <20
. k(e /d" 20
— 140.1935(Re:)" "™ 20 < Reé < 260 (/) 0
(18) Theoretically, both the correct mean and fluctuating solutions of

the dispersedphase can be achievedby using the unsteadydrag coef-
ficientand consideringthe inletu’,, informationprovidedthatan ad-
equate number of computational particles are used in the stochastic
calculationprocess.” However, mainly for the sake of computational
efficiency at the present scope two ensemble-averagedLagrangian

transportequations of (u/, ;) and (u;u’,;) are derived as follows:

Equation (12) resumes the identical form of the steady-stateone for
£>> 1 because K* (¢) asymptoticallyapproachesZero value at a suffi-
ciently long time. For the special conditionof af, =0 (starting from
the dynamic equlhbrlumbetween two phases) and Re <1, Sano’s
analytical solution?® which follows, takes over the expressmn of
Ck (1) because its performanceis better than that in Eq. (12):

ek (i) 3 16 1 [Rebit N TN I L
ﬁ =1+ ER@?‘, 14+ ﬁ erf z #M E[z(ul’(’[ul’z[)} = M (A4)

k k) k
ReptM Tp
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(u’.u’.) (u’.uk.>
i i pi

)
5

i( ’ k’>_
u[up[ -

dr (A7)
(Details of the derivationare shown in the Appendix.) The ensemble
averaging of Eqs. (A4) and (A7) was made on the grid-cell basis,
which conforms to the concept of the control volume method*
used as the numerical method in this study. Nadaoka et al.*! ap-
plied the same ensemble-averagingoperationfor deriving their grid-
averagedequationof motion ,butthey approximatedthe (u* i 1”) and
(u’uj‘”) variables using two algebraic relationships with (u}u}),
which are different from our work. Obviously, the present work
is more theoretically rigorous than that of Nodaoka et al.?!

The relationshipsbetween the two-phase transportequations of k,
£, (u’u’l‘”) and (umull‘”) are summarized in Fig. 2. It is clearly
understood that the (u; uj‘ ) variable is a key quantity affecting k
and ¢ of the carrier phase, which in turn modifies the eddy viscosity
/4, in the k—e turbulencemodel, as well as k;‘ of the dispersed phase.
The (u}u’;) variable is, thus, named as the turbulence modulation
quantlty flere Solving the dispersed-phase flowfield directly from
the grid-averagedequationof motion (A2) is known as the determin-
istic separated flow (DSF) model,* and its defect, particularly in the

1297

prediction of turbulence dispersion of particles, is well under-
stood>* Nadaoka et al.3! proposed a reallocation process to over-
come the defect which stemmed from the DSF model. Nevertheless,
the probability distribution of the particle position in a grid cell,
which is a key element in the reallocation process, was assumed
by a rectangular cloud distribution function for lack of better infor-
mation. In the present work, the dispersed-phaseflowfield is solved
from Eq. (1) with the stochastic method. Although the calculation
using the stochastic method is more cost ineffective as compared to
the one using the reallocation process proposed by Nadaokaet al.,?!
it can certainly avoid introducing unexpected errors into the flow-
field solutionat the presentstage of validatingthe two grid-averaged
Lagrangian transport equations for (u* 1”) and (u; 1”) which are
derived in this work.

pi

Numerical Solution Procedure

The carrier-phase flowfield is calculated by the finite volume
method using the SIMPLER algorithmand the power law scheme *°
The dispersed-phaseequationsare solved using the iterativeintegra-
tionas describedfor UIL ,thatis, Eq. (4),inthe precedingsection.The
source terms due to two-phase interactions for the transport equa-
tions of u;, k, and ¢ are obtained using the particle-source-in-cdl
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0 005 041 0 03 06 0 03 06 0 05 1 15 0 05 1 15
b) dp =20 pm
x=5mm x=20mm x =40 mm x=80mm x =100 mm
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method.*> The new solution procedure coupling the stochastic ap-
proach for u,; with the two grid-averaged Lagrangian equation for

¥

<u1u

1”) and (u'u

; 1”) is summarized as follows:

1) Find u,; at each grid cell by means of the stochastic solution
procedure as described earlier at each iterate.
2)In accord with the revisited u ,; at each grid cell, solve (u*

and (u’

i [}L)

from Eqgs. (A4) and (A7), respectively.

3) Repeat steps 1 and 2 until all dependent variables converge.
More information on the stochastic solution procedure may be
found in Refs. 7 and 8.

III. Results and Discussion

Together with the Lagrangian transport equatlon of (u]

[Eq. (A7)], the Lagrangian transportequation of (u*
can be solved without using the turbulence modulation model. Note
that Eqs. (A4) and (A7) are first-order ordinary differential equa-
tions, which require the initial (inlet) conditionsin the flowfield to
obtain their solutions. The experimental work of Wang and Huan »
provided the measured data of (u’ ut’ °) and (v’
dropletswithd,, = 10,20, and 30 um at the inlet station (x =5 mm).
As a result, only three droplet sizes of 10, 20, and 30 um can be

F1g 5 Evolution of the two predicted (with unsteady and quasn-steady drag coefficients and with the transport equation of (u uk ) and measured
))/2 of droplets of various sizes: (], measurements?®

(A

w,) + (v

k

k
pi [}L )

i)

readily solved using Eq. (A7) in association with the measured inlet
data. However, the test problem is a very dilute (v, < 1073) two-
phase flow. A previous study on this test problem conducted by
Chang et al.>* revealed that the turbulence modulation effects on
the predictions of the carrier-phase flow properties were insignifi-
cant. In view of this, only the dispersed-phase equations for these
three droplet51zes are consideredin the demonstrationof the (u; u’ )
and (u* i 1”) solutions obtained from Eqs. (A4) and (A7) and w1th
the measured inlet data.

The unsteady effect of the drag coefficient on the two-phase flow
calculationwas speculatedto stem primarily from the stochasticpro-
cess. In the stochastic solution procedure, the mean droplet velocity
u,; is calculated from the ensemble-averaging formula of Eq. (7),
which accounts for the PDF valuesas the weightingfactors. Previous
studies®™

pi [}L )

v;‘,’) for three small

[Eq. (A4)]

7 revealedthat the differencesamong the various U*,
correspondto the randomly generated U;, are evened outin the deter-
mination of u,; through the ensemble-averagingformula of Eq. (7).
For the new solution proceduredescribedin the subsectionof the nu-
merical solution procedure, it is anticipated that this unsteady effect
shouldhavelittleinfluence on the solutionof the grid-averagedequa-
tions such as Eqs. (A4) and (A7) because they are independentof the
stochastic process. To clarify this issue, two runs with the unsteady
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and quasi-steady drag coefficients were made. Here the quasi-
steady drag coefficient is obtained from Eq. (12) by setting
K (1) =0. Equation (A7) requires the information of three individ-
ual components of (u;u}). A usual assumptlon for the boundary-
layer-type flow, that is, (u?):(w:(w?) =2:1:1, is made for
the carrier phase to provide the (u}u;) information required by
Eq. (A7) from the k solution obtained with its corresponding
transport equation of the carrier phase. Figures 3 and 4 present
the evolution of (u’u’,‘ ) and (v’vj‘,’), respectively, of the droplets
with d, =10, 20, and 30 um predicted with the unsteady and
quasi-steady drag coefficients in comparison with the measured
data of Wang and Huang?® Note that the measured data of
Wang and Huang were available at three streamwise stations
(x =5, 20, and 80 mm) only Similar comparison for the partial
turbulencekinetic energy, ((u uj‘, )+ (v;‘ v;‘,’))/2, is made in Fig. 5.
It can be seen that both the predlctions using unsteady and quasi-
steady drag coefficients are almost the same when solved from
the grid-averaged Lagrangian transport equations, as anticipated.
Agreement between the predicted and measured partial turbulence
kinetic energy is generally good. Note that 2500 computational
droplets for each discrete size is used in the stochastic calculation
process of u,;, whereas only 300 computational droplets for each

discretesize is used for the solution of the grid-averagedLagrangian
equationsof Egs. (A4) and (A7) in the two cases presentedin Figs. 3—
5. In contrast, a significantly greater number, O(10*), of computa-
tional droplets for each discrete size was required to obtain correct
and statistically stationary prediction of the partial turbulence ki-
netic energy in the flowfield, as concluded in our previous study.’
Remarkable deviations between the predicted and measured
(u[u’l‘”) are observed in the shear layer regions (around y =0
and moving to the low-speed-stream side, that is, y <0, in the
downstream regions), particularly in the downstream station of
x =80 mm. As noted before, theoretical solution of Eq. (A7) re-
quires input of the measured data at the streamwise station of

x=35 mm as the initial condition. Accuracy of the (u*, u’[‘”) so-

lution obtained from Eq. (A4) is heavily dependent on[){he accu-
racy of the (uu 1”) solution of Eq. (A7). The comparison made for
the partial turbulence kinetic energy in Fig. 5 has revealed that the
(u; uw) solutionof Eq. (A4) must be correct. Otherwise, the( i ’1‘”)
solution of Eq. (A7), which is incorporated with the (u] 1”) infor-
mation solved directly from Eq. (A4), would not agree well with
the measured (uw ”) data as shown in F1g 5 It is worthwhile to
recheck the experlmental method for the (u}u ) dataused by Wang
and Huang.® In view of the measurement process of the PDPA
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measured Z _, (ulu’.) of droplets of various sizes: [J, measurements?®
1 ipi

——, unsteady drag; and ———, steady drag



1300 CHANG, YANG, AND WANG

instrument, (u; 1”) is determined, under a steady-state flow condi-
tion for any f, by
{wut') = tim {u/ (b, (t + An) @21)
At—0

The curve of (u] (t)uw (t + Ap)) (Fig 4 in Ref. 25) resembles the
shape of Frenklel function, that is, (u, )cos(At/r)exp( At/T),
where 7 is a Lagrangian timescale. Thus the (u; u[ ;) data have
to be interpolated from the value at Ar =0. It was reported25 that
maximum errors of 12% were caused by their interpolation scheme
in estimating (i) u* ) data. However, their error analysis was made
mainly on the data 1n the freestreamregions, where higherdatarates,
thatis, small At in Eq. (17), were achievedin the experiment. In the
shear-layerregions to which the droplets immigrate from the high-
speed-streamside, the data rates were low and At became relatively
large. It is then speculated that significant errors could be induced
in the evaluation process of Eq. (21) for the datalocated in the shear
layer regions when using the interpolationscheme employed in the
work of Wang and Huang %

Very few experimental data of (u; u’,‘”) can be found in the
literature. Prevost et al.?* performed the measurements using a
phase Doppler anemometer in the far field of a polydispersed

particle-laden tube jet. However, the thorough measured data that
could be used as the inlet conditions were made in a single, last
downstream axial station (x/D =30) in their test configuration.
Therefore, the case investigated by Prevost et al.>* cannot help
demonstrate the apphcatlon of the two grld averaged Lagrangian
transportequations for (u* i 1”) and (u; 1“) derived in this work for
the simulation of two-phase turbulence.

In contrast to the rigorous formulation of (u; "”) transport
equation proposed, several models for (u; 1”) may be found in the
literature >#3% Only the model suggested by Chang et al.,*® which
was modified from the one originally developed by Pourahmadiand
Humphrey,* is discussed here for demonstration. It is given by

3
> ) = e+ k) | =—— 22)

i=1 T, T

where the Lagrangian timescale is estimated by 7, =0.41k/e.
Chang et al3® showed that their modified <ul’u’1‘”) models per-
form better than its predecessor developed by Paurahmadi and
Humphrey,** in particular for the two-phase flow with the condi-

tion of k, > k. Using the model of Eq. (22) requires information
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Fig. 7 Evolution of the two predicted [w1th unsteady and quasi-steady drag coefficients and with the (u uk ) model of Eq. (22)] and measured k§ of
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of three components of (u}u j‘”) and (u* i 1”) whereas the experi-
mental work?*? provided only two-componentdata. Without better
information, the usual assumption of equal distributionmade for the
two nonpredominant, that is, transverse and spanwise, components
of turbulence intensity in a boundary layer-type flow is extended
to the measured data of (u/u*.) and (u* .u* ). Figure 6 presents the

i pz pi pi
evolution of

3

r Kk
z :(uluw>

i=1

of the droplets with d,, = 10, 20, and 30 «m predicted with Eq. (22)
and using either the unsteady or quasi-steady drag coefficient in
comparison with the measured data. Note that the two predictions
with the unsteady and quasi-steady drag coefficients differ and that
their deviations become more significant as the droplet size in-
creases. This is because the employed (u; u ) model includes ex-
plicitly the rk parameter, which is 1nversely proportlonalto C¥ [see
Eq. 2)]. As dlscussed in the study of Chang and Yang,® the un-
steady effect on Cp becomes stronger for larger droplets, which is
consistent with the trend shown in Fig. 6. It is also observed from
Fig. 6 that the measured (u; 1”) data of Wang and Huang® in the
shear layer of the downstream station of x = 80 mm are higher than
the predicted ones.

Although all measured k;‘, data for the eight discrete droplet sizes
used in the simulation are available, only results with d, = 10, 40,
and 80 um, representing small, medium, and large droplets, respec-
tively, are reported here for brevity. Two predicted evolutions of k;‘,
with the unsteady and quasi-steady drag coefficients are presented
in Fig. 7 and are compared with the measured data.?® Clearly, the
differencesin the two predicted (u; 1”) which were obtained by us-
ing either the unsteady or quasi-steadydrag coefficientin the calcu-
lation, are reflectedin the k;‘ predictions.Neither performance using
the (u; u ) model of Eq. (22) with the unsteady or quasi-steadydrag
coefﬁ01ent1s satisfactoryas compared with that of the measureddata
except for the cases of very small droplet sizes such as d,, = 10 pm.
Note that the (/u*,) model of Chang et al.** was developedbased on
the quasi-steady drag coefficient. The poor performance caused by
using the (u; 1”) model, as presentedin Fig. 7, corroboratesa need
of the two derlved grid-averaged Lagrangian transport equations
for (uw uw) and (u; 1”) in the model formulation.

Becausethe 1nvest1gatedtest problemis a very dilute (w, < 1073)
case and with small Re ‘[ < O(10)], that is, close to dynamic equi-
librium between two phases and the s,; and s, terms are directly
proportional to w,, (Flg 2) it is hard to evaluate the effects of the
modulation quantity (u; 1”) on the carrier-phaseturbulence charac-
teristics. A similar conclusion was also made in a previous simula-
tion of this test problem.?* However, in a very recent experimental
investigation® around 4% of direct rates of dissipation of turbu-
lence by particles was observed as well as a turbulence generation
rate sufficient to yield relative turbulence intensities in the range
0.2-5.0% in a monodispersed two-phase flow with Re, = 106-990
andw, ~3 x 1073, This reveals that evaluation of sy and s, accu-
rately in the model of a dilute two-phase flow merits further investi-
gation. The derived grid-averaged Lagrangian equation for (u/u j‘”)
can at least meet one of the requirements, that is, providing accurate
evaluationof s, in the calculation.

IV. Conclusions

A set of the grid-averaged Lagrangian transport equations is de-
rived to obtain the dispersed-phaseturbulencekineticenergy, which
is an important property for describing the turbulentdispersion abil-
ity of particles,accurately and economically, in the calculation. The
information of the turbulence modulation quantity solved from the
grid-averaged Lagrangian equation of (u; 1”) is not only important
in the solution of k;‘ from the grid-averaged Lagrangian equation
of (uw um) but also important in accurate evaluation of the source
term s,;, accounting for the turbulence-particle interaction for
the k equation of the carrier fluid. To avoid additional errors in
the determination of the mean flowfield for the dispersed phase, the

stochastic Lagrangian method, which is widely used in the simula-
tion of two-phase turbulent flows, is used in the present work. Using
a well-defined test problem of the droplet-loadingmixing layer, it is
demonstrated that accurate prediction of k;‘, can be achieved by us-
ing approximately one-fourth of the computational droplets as usu-
ally required in the purely stochastic models, together with another
O(10%) computational droplets for the grld averaged Lagrangian
transportequations for (umuw) and (u; 1”) The computationalex-
penditurecan be further reduced by solving these two grid-averaged
Lagrangian transport equations with the grid-averaged equation of
motion, provided that available and reliable information of the PDF
of the particle position dispersioncan be attained. This part of work
remains to be studied further. There is an urgent need for experi-
mental informationof (u}u k’) whichis rarely foundin the literature,

because of the 1nclu510n of the grid-averaged Lagrangian transport
equations for {u/ u ) in the model formulation.

Appendix: Equation Derivation

When using the stochastic Lagragnian method, it is theoretically
necessary to track all particles in the flowfield. Thus, there are usu-
ally many trajectories passing through a grid cell. The ensemble
averaging for a dispersed-phase flow property ® in a grid cell is
defined by

P=¢+¢

Z@,,I/M ¢,

m=1

When the ensemble-averaging process is used for Eq. (1), it yields

dull‘” U; — U,}L
—_— — )+ &
dr rllj &

Note that C DIU Uk |, which appeared in the denominator of the
definition for r [Eq (2)], is usually a weak nonlinear function
of Re,, which, by its definition, is proportional to |U — Uj‘l for
Re, <O(10). The value of |U — U, | in a grid cell is determined by
three randomly selected u; in the stochastic calculation process. An
approximation can be reasonably made for the following ensemble-
averaging operation of

(e[(U: —vp) /5 ]) = (e (U - v}))/ @b

in which rllj is the value evaluated with the ensemble-averagedquan-
tities of u; and u’l‘”. and & is a two-phase flow property or unity. With
the approximation of Eq. (A1), the ensemble-averaged form of the
equation of motion is now expressed by

dul;)[ U — ul;)[

- =T i A2

5 = +¢g (A2)
p

Multiplying Eq. (1) by U¥, yields

pi

dft, ..\ _UU,-UU,
E<2U171U1u> = T + Ungl
p

Note that the repeated index is not taken as the summation operator
here. After decomposingthe instantaneousquantities into mean and
fluctuatingcomponentsand taking an ensemble-averagingoperation
over a grid cell, we obtain

a1, ., d (1, v o
E(Eup[up[> + E(E(Lt[)[up[)

ik /k_kk_k’k’)J
Lulula[ + (uzu1u> upzupz (up[up[

= +uk i8i (A3)
o
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Multiplying Eq. (A2) by u’,‘,[ and subtracting it from Eq. (A3) yields
the Lagrangian transport equation of the ith component of the tur-
bulence kinetic energy of the dispersed phase:

i[l(uk’.uk’.>i| — (u/ulju> __(ulj;[ullc;) (A4)

dr| 2V riTe P
Tp

There appears one more unknown correlation term (u;u ,,L) which
is named the fluid-particle velocity correlationin the two-fluid clo-
sure model of Simonin et al.,”? as well as of Hyland and Reeks.*’
Multiplying Eq. (1) by U; yields

d . AU, UU - U, U,}L
dr (U Upt) Upt dr T + Ui (AS)
p

Note that dU; /dt shown in Eq. (A5) based on the Lagrangian frame-
work is essentiallyequivalentto DU; /Dt (where D/Dt is a substan-
tial derivative) in the Eulerian framework. With the assumption of
the steady-statecondition and with the usual assumption of uniform
distribution of the carrier-phase flow properties inside a grid cell
made for the control volume method,

DU
— = AUS®)
Dt

where AU, is the velocity difference of the carrier fluid between the
upstream and present grid cells and §(¢) is the Dirac delta function.
For t > 0 (having entered the present grid cell), DU; /Dt =0 and the
second term shown on the left-hand-sideof Eq. (A5) disappear. After
decomposing the instantaneousquantitiesinto mean and fluctuating

componentsand taking an ensemble-averagingoperationovera grid
cell for Eq. (A5), it becomes (for > 0)

d d / L“z“z + (wju)) — 'y, — (”f”kalz >J
E(“z”ﬁz) + 5(”[”@) = = 1 :

tuigi

(A6)

Multiplying Eq. (A2) by u; and subtractlng it from Eq. (A6) yield

the Lagrangian transport equation of (uju k) as

k
A )

s
Tp

(A7)

d ,
&) =

Note that an argument of Du; /Dt = Au;6(t) as made earlier has
been applied to the derivation of Eq. (A7).

Taking the summation of the three components for Egs. (A4) and
(A7) and introducing the definitions of

k| = i:(uful’.)/Z

i=1
and k, [see Eq. (11)] yield the following two equations:

3

k= (D) -2 ) /7 (A8)

i=1

3

3
% Z(ufuf}l) = 2k—Z(u’ull‘”> rllg (A9)

i=1 i=1

The source term accounting for the turbulence-particle interac-
tion, which is shown in the U; momentum equation, S,,;, under the
dilute condition can be expressed by (see Appendix H in Ref. 5)

pu, = Z /Op Tpl — &i

k=1

Introducingthe relationship of Eq. (1) modifies the preceding equa-
tion into

Ui - Uljz
Spui = prQk — L (A10)

k=1 r

Taking the ensemble- averagingoperation forEq. (A10)and neglect-
ing the correlation terms including a) due to the consideration of
the dilute two-phase flow*! here, we obtain

k
u .
Spuy = — Zp,, T’ (A11)

k=1

Substituting Egs. (A10) and (A1 1) into Eq. (8) and neglecting all of
the correlation terms including «* , we obtain

P’
3
Spp = — Z P ok - > (uut) (A12)

k=1 7 i=1

It is clearly seen that the (ul’ull‘”) variable appears in the source
term s, of the carrier-phase transport equation for k, which repre-
sents the interactionbetween the carrierﬂuid and particles. Through
Eq. (10), the influence of the (u; u[ ) variable is also brought into
the ¢ transport equation. Details of the relationship between the
transportequations of k, ¢, (ul’-uf,,[), and k,, are shown in Fig. 2. Ac-
cordingly, the (ufu’l‘”.) variable is related to the ability to modulate
the turbulence characteristics of both the carrier fluid and the parti-
cles and is, therefore, named the turbulence modulation quantity in

this work.
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